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Abstract 

The Einstein's gravity theory can be formulated as an SL(2, C) gauge theory in terms 
of spinor notations. In this paper, we consider a noncommutative space with the Poisson 
structure and construct an SL(2,C) formulation of gravity on such a space. Using the 
covariant coordinate technique, we build a gauge invariant action in which, according to 
the Seiberg-Witten map, the physical degrees of freedom are expressed in terms of their 
commutative counterparts up to the first order in noncommutative parameters. 
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1 Introduction 



In recent years, the idea of noncommutative spacetimes has attracted much attention al- 
though it was proposed by Synder [1] as early as in 1947 in order to remove the divergence 
in quantum field theories. It has been argued that at a very small scale, say the Planck 
length, coordinates of spacetimes cannot be measured at any accuracy [2], i.e. the mea- 
surement should satisfy a set of uncertainty relations that can be well realized within the 
context of noncommutative sapcetimes. Starting from string theory, Seiberg and Witten [3] 
suggested that the D-brane dynamics with a S-field background can be described by some 
noncommutative field theory. Recently the idea of noncommutative spacetimes has pen- 
etrated into various fields in physics. The research on the construction of quantum field 
theories on noncommutative spacetimes is fruitful (for reviews, see ref. [4]) and it is remark- 
able to note that noncommutative quantum field theories can be applied to the study related 
to strong background fields, such as the quantum Hall effect (for a review, see ref. [5]). 

It is interesting to study gravity on noncommutative spacetimes. Actually, the noncom- 
mutative formulation of gravity has been considered [6] to be a necessity for quantization 
of gravity. The main obstacle for this formulation is on dealing with the general coordinate 
invariance. Recently there have been some approaches proposed for solving this problem. 
In ref. [7] a deformation of Einstein's gravity is constructed based on gauging the noncom- 
mutative 50(4, 1) de Sitter group and then contracting it to 750(3, 1) in terms of the 
Seiberg- Witten map [3] . Another effort [8] also from the point of view of the Seiberg- Witten 
map is made to build the 5*0(3, 1) noncommutative formulation of gravity. In refs. [9, 10] 
noncommutative gravity models are established by the reduction of the constrained U(2, 2) 
to 5*0(3, 1). Moreover, the theory of gravity can also be expressed in a GL(2, C) formula- 
tion with complex vierbeins [11]. Within the framework of the gauge theory of gravity, the 
authors of ref. [12] have given a noncommutative formulation of gravity based on a class of 
restricted diffeomorphism symmetries that preserves the noncommutative algebra. On the 
other hand, Wess and collaborators [13] have proposed a gravitational theory considering a 
twisted diffeomorphism algebra from a purely geometrical point of view. 

The formulations of noncommutative gravity mentioned above are established in the 
canonical noncommutative spacetime in which coordinates satisfy the following commu- 
tation relations, 

[3?, 3?] =10^, (1) 

where 6^ v is an antisymmetric constant tensor and its elements are called noncommutative 
parameters. The noncommutativity can be realized in the ordinary spacetime with the re- 
placement of the ordinary product by the star-product between functions. It is reasonable 
to consider a more general noncommutative spacetime where noncommutative parameters 
are coordinate-dependent. For the most general noncommutative parameters 9^ v {x), the 
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star-product between functions may become non-associative, which gives rise to quite com- 
plicated problems. Fortunately, there exists a class of noncommutative manifolds on which 
the star-product between functions is associative, like the Poisson manifold. In the present 
paper, we focus our attention on such a manifold. There are already some works that deal 
with gravity on coordinate-dependent noncommutative spacetimes. In ref. [14] the theory of 
gravity is constructed based on the work of ref. [12] on a noncommutative spacetime with the 
Lie algebraic structure, which is in fact a special case of the Poisson manifold. In terms of 
the twisted differential geometry, another theory of gravity is proposed [15] which is invariant 
under diffeomorphism as well as under a GL(2, C) ★-gauge transformation on a general non- 
commutative spacetime. We prefer to carry out our analysis in the framework of the SL(2, C) 
formulation [16, 11]. The advantage of this formulation lies in a tetrad formalism where the 
tetrad transforms covariantly under gauge transformations, so that we can construct a gauge 
invariant action in a natural way. As a gauge theory, it enables one to use the machinery 
of noncommutative gauge theories elaborately developed in the literature [17, 18, 19, 20]. 
In terms of the covariant coordinate technique [17] a rank two tensor R^ u is constructed 
at first. Because of the coordinate-dependence of ^(x), it is not straightforward to write 
the covariantly transformed curvature tensor R^ through the relation R^ u = 6^ x 9 v,a R\ a as 
was done in the canonical noncommutative spacetime. To this end, a modified function 9^ 
(see eq. (25) and eq. (26)) is introduced in order for the gauge field strength to transform 
covariantly. As a result, the action can be constructed in terms of the curvature tensor 
R^y and the vierbein e M . Furthermore, the Seiberg-Witten map [3] in our case is derived 
for noncommutative physical quantities up to the first order in the coordinate-dependent 
noncommutative parameters, we can therefore express the noncommutative theory in terms 
of ordinary physical quantities completely. 

The paper is organized as follows. In the next section we give a brief introduction to the 
SL(2, C) formulation of gravity on the ordinary spacetime. In the first subsection of section 
3, the formulation is extended to a noncommutative space with the Poisson structure and 
a gauge invariant action is thus constructed. In the second subsection, the Seiberg-Witten 
map of the noncommutative formulation is derived up to the first order in the coordinate- 
dependent noncommutative parameters. The last section is devoted to conclusion. As to 
notations, we use the Latin letters, a, 6, • • • = 0,1,2,3, to denote Lorentz indices and the 
Greek letters, u, ■ ■ ■ — 0, 1, 2, 3, spacetime indices. 

2 A brief introduction to 5X(2, C) formualtion of grav- 
ity 

Before discussing its noncommutative formulation, let us recall briefly the SL(2,C) formu- 
lation of gravity [16, 11, 21] on the ordinary spacetime. 
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There are some physical quantities we need to construct the action of gravity. At first 
the SL(2, C) gauge field co is introduced as 

u = ^u; b a ab dx^ = u^dx", (2) 

where a a b = — f [7a, 7b] are SL(2, C) generators and j a are Dirac gamma matrices satisfying 
the anticommutation relations {7a, 7b} = 2Vab- Then the curvature tensor is given in terms 
of oj from its definition, 

1 

In addition, the vierbein e is introduced as follows, 



R = -RJfo&daf A dx v = du - icu A u. (3) 



e = e°-y a dx» = e„dx». (4) 

Under the SL(2, C) transformation, u and e transform as 

e^fMT 1 , (5) 

-^■QuQ- 1 +itldQ- 1 , (6) 
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where the transformation parameter Q = exp(i^A ab a a b) = exp(iA). In infinitesimal forms, 
eq. (5) and eq. (6) can be written as 

5 A e = i[A,e], (7) 
5 A u = dA + z[A,a;]. (8) 

Using eq.(3) and eq. (6), one can show that the curvature tensor R transforms covariantly 
under the SL(2, C) gauge transformation, 

R^VLRVL- 1 , (9) 

where its infinitesimal form is 

5 A R = i[A,R]. (10) 
Now it is straightforward to write an SL(2, C) invariant action 

S = J Tr ^(c + Ci7 5 )e A e A R + c 2 ^e A e A e A e^j , 

= j d 4 x e^ pa Ti ^(c + Ci~{ b )e^e u R pa + c 2 -f 5 e^e u e p e^ , (11) 

where 75 = £7o7i7273, c o, Ci and c 2 are arbitrary constants. Integrating out u and endowing 
appropriate values for cq, c\ and c 2 in eq. (11), one can obtain the Einstein-Hilbert action 
plus a cosmological constant. 

In the next section, we generalize this formulation of gravity to a noncommutative space 
with the Poisson structure. For the sake of convenience, we do not write actions in forms 
but in components. 
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3 *SL(2, C) gravity on noncommutative space 



Consider a noncommutative spacetime whose coordinates satisfy the following commutation 
relations 

[x",3?]=i9i»'(x), (12) 

where the coordinate-dependent 9^ u {x) is a Poisson bivector* and it can be used to define a 
Poisson bracket on the manifold, 

{f(x),g(x)} Poisson = 9^(x)d tl f(x)d v g(x), (13) 

where f(x) and g{x) are arbitrary functions on the manifold. The Jacobi indentity of the 
Poisson bracket imposes the following conditions on the bivector 9 pu (x), 

6» p (x)d p e va (x) + e up (x)d p 6^(x) + 9 ap (x)d p 9>* u (x) = 0. (14) 

Suppose that the bivector 9^(x) is nondegenerate, therefore we can define its inverse 9 llv (x) 
as: 9 pv 9 vp = 5 P . With the Jacobi identity eq. (14), we can show that the two-form © = 
^9^ u dx p A dx u is closed (<iO = 0) and then the manifold is sympletic. In this paper, we shall 
consider only the case in which the manifold is symplectic. 

According to Kontsevich's deformation [22], there exists an associative star product to 
a given Poisson bivector 9 liu (x) and it can be written as the following symmetric form up to 
the first order in 9 >MU (x), 

f(x)*g{x) = f(x)g(x) + % -9^{x)d li f{x)d v g{x) + 0{9 2 ). (15) 

Note that it is not unique for higher order terms. In order to avoid this ambiguity we shall 
restrict our discussion only to the first order in 9 tl ' / (x). 

In the following subsections we construct the SL(2, C) gravity on the spacetime with 
the structure eq. (12) and derive the Seiberg-Witten map of the noncommutative gravity up 
to the first order in 9 pu (x). 

3.1 Construction of noncommutative gravity 

Let us follow the covariant coordinate approach proposed in ref. [17]. The covariant coordi- 
nates = x p + B p are defined by the gauge transformation property^ 

5 A (i^*#) = zA*(X M *\i>), (16) 

tin the sense of the star product (see eq. (15)) the algebraic relations of the noncommutative spacetime 
can be written as [x^ ,x' y ]+ = i6 fJ -' / (x). Thus we can also utilize 0^ v {x) to denote a Poisson bivector. 
''Coordinates are suppressed from subsection 3.1 to the end of this paper for the sake of simplicity. 
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where A is the transformation parameter and ^ is a matter field with the gauge transforma- 
tion 

5 k V = tA*y. (17) 
This requires that the field should transform as 

= e^d u A + i[A,B^, (18) 

and the covariant coordinates as 

8 K X» = i[A,X^. (19) 

The noncommutative spin-connection is given by [17, 14] 

w„ = O^B", (20) 

where 6^ v is the inverse of 9^ u : 9 [iv 9 vp = 5?. Due to the coordinate-dependence of the 
noncommutative structure depicted by 9 pu , it is not possible to find the transformation of 
in a closed form but one can obtain it correct up to any order required in the noncommutative 
parameter. To the first order in 9, we have 

8 k u, = d,A + i[A,w M ] - V^A,^} - ^ a 9 XcT d a 9^{d x A,^}, (21) 

where {•, ■} stands for an anticommutator. 

Using the covariant coordinates, we can define a rank-two tensor 

^E-j^rit-tH^)), (22) 

and using eq. (19) we find it transforms as follows, 

6 A R^ = i[A,fr%. (23) 

Now it is time to look for the relation between the rank-two tensor R! iV and the gauge field 
strength R pu . In the case of canonical noncommutative spaces where 9 is constant, the 
relation is trivial: R^ u = 9 w 9 l " J R pa . But in our case 9 is coordinate-dependent, we should 
modify the relation and make sure the gauge field strength R pv transform covariantly, 

<5 A iV = i[A,iV]*. (24) 

Suppose that there exists a function 9 pv {X) which ensures that R^ with the definition 

Rfiv = 9^\ *k 9 V( y * R Xa (25) 
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satisfies the transformation property eq. (24). This requires that 9^ V {X) should transform 

as 

5 k e liv {x) = i[k,e tlv \,. (26) 

In the next subsection, we can see the function # M „(X) indeed exists and we shall give its 
expansion expression. 

As in the commutative case, we introduce the noncommutative analogue of vierbeins 
with the gauge transformation 

6^^ = i[A,e^. (27) 

Now it is straightforward for us to write a gauge invariant action by using eq. (24) and 
eq. (27), 

S = J d 4 x (dete^yh^Tr Uc + c ll5 )e p *e v * R pa + c 275 e M * e„ * e p * e)j . (28) 

Here the volume form on the symplectic manifold, i.e. (det6* J ' u )~%d 4 x, appears naturally 
with which the following trace property of the integral is satisfied to any order in 6^ v 

J d A x(det6^y^TY(f * g) = J ' d*x(detev)-*Tr(g*f). (29) 

It is obvious that the action eq. (28) is indeed gauge invariant because we can verify 

6 A S = J d 4 x(det9^)-h^Ti(^[A,(c + c ll5 )e^^ =0, (30) 

where eq. (29) has been used. 

In the next subsection, we connect the noncommutative theory with its commutative 
counterpart using the so-called "Seiberg-Witten map". 



3.2 Seiberg-Witten map to the first order 

A general gauge group with an algebra G does not close on noncommutative spacetimes with 
the exception to unitary groups. For consistency, the algebra G should be enlarged to its 
universal enveloping algebra U(G) [18]. 

Firstly let us take a close look at the infinitesimal gauge transformation of the spin- 
connection Cj in eq. (21) where both commutators and anticommutators appear for the case of 
noncommutative spacetimes. Secondly note that the commutator [A, e]* in the infinitesimal 
gauge transformation of vierbeins in eq. (27) can be written as 

[A,e]* = - A {k a \e c U<r ab , lc ] + - A [k a \e%{a ab , lc }. (31) 

"If there exists a function Vt(x) satisfying the relation: 8^(0,6^) = 0, then we have the trace property of 
the integral [20, 23]: / d A x f2(x)(/(x) * g(x)) = J d 4 x Sl(x)(g(x) * f(x)). For a symplectic manifold, there 
exists [24, 25] a natural choice for the function Q(x) which satisfies the above requirement: ft = {ActO^)"^ . 
Moreover, this is also shown in rcf. [26] from a different point of view. 
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Using the identities of the Dirac gamma matrices, 



Wab,7c] = i(Vac%- Vbc'fa), (32) 

Wab,lc} = -e abc d ^ d , (33) 

Wab, °cd\ = -jiitabcdlb + VacVbd ~ VadVbc), (34) 

we can see that SL(2, C) does not close on noncommutative spacetimes and it should be 
enlarged to a bigger gauge group including the additional generators 1 and 75, i.e. SL(2, C) 
is enlarged to GL(2,C), and that the vierbeins should be extended to include the addi- 
tional generator 7s7 a . Thus the GL(2, C) spin-connection and gauge parameter A can be 
decomposed as 

£>„ = \uf> h a ab + + zfog 7 5, A = \tt 0)ab °ab + A (1) + iAJS, (35) 

and the vierbein can be generalized to be 

H = ef a la + e$Vy.- (36) 

As a result, additional degrees of freedom appear in the noncommutative case. However, 
there exists a map, the Seiberg-Witten map [3], which relates noncommutative degrees of 
freedom u^, and A to their commutative counterparts u^, and A. For the transformation 
parameter A and the field B^, the map has been derived [20] up to the first order in 

A = A + ^{d,A,u u }, (37) 

& = e^u u -^{u p ,d a (e^u u ) + e^R au }, (38) 

where R^ u = d^u u — d u u^ — i[u^,u u ] is the curvature tensor for the spin-connection w M . 
The function 9^ U (X) is calculated to the zeroth order in 6^ [20], 

o,» = o»» + e^dpB^ + o(en, (39) 

and this is sufficient to compute the curvature tensor up to the first order in Q^ v according 
to eq. (25). Using eq. (20) and eq. (38), we can obtain the map between and up to 
the first order in O^", 

bp = ~ \o Xa {oo x , daWp + R^} - ^e^dj^ioox, u s }, (40) 
where the components take the forms, 

^ )ab = (41) 
= -^9 x °u x a %d„u^ + ±R a ^)r) ac r) M (42) 

b% = -^ A ^/^< d + ^^^ (43) 
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The Seiberg-Witten map for the vierbein e p is 

e M + 5 A e^ = e M (e + 5 A e, u + S A u). (44) 

Thus the solution to the above equation up to the first order in 9^ u can be obtained, 

1 i 
e M = e M - -9 Xa {uJx,d a e l ,+ -[e^uJa]}, (45) 

whose components have the forms, 

ef a = <, (46) 

e ( S a = \e x ^ x e \d^- l -u (7 cd e, d )e ebc a . (47) 

Note that eq. (45) can be verified straightforwardly when it is substituted into eq. (44). 
Considering the definition eq. (22) and eq. (20), we get the following expression of R^, 

fr v = e^{d x u a - d a u x - i[u> x , + ~e» x e™e Sr >{d 5 cj x , d v u a } 

+le^d v 9^{d s u x ,ij a } + h 5 9^9^{tu x ,d v u a } 
+^d & 9^d v 9 urT 9^{Cj X: u a } + 9 aX d a 9^u x + 0"" - 9^{X). (48) 

In terms of the Taylor expansion of X(x + B) the last three terms of the above equation are 
simplified as 

9 aX d a 9 tMU uj x + 9^ - 9^(X) = ~9™9 xp d a d x 9 tlv uj a Cj^ (49) 

which contains higher order derivatives of 9^ v {x). When 9^ u (x) is a linear function of x , i.e. 
the noncommutativity is of the Lie algebraic structure, eq. (49) vanishes. 

In accordance with the Seiberg-Witten map (eq. (40)), the noncommutative curvature 
tensor R^ v in eq. (48) can be expressed in term of the commutative spin-connection u^, 

& v = 9^R Xa + ^ x 9^9^{R Xa ,R^}-^ x 9^9^{u a ,(d^ + D^R Xa } 

+^ x dJ^9^{R Xcn uj l3 } + ^d a 9» x 9™9 a P{R Xa ,uj p } + U Xa 9^d x dJ^{u ai ujp}, 

(50) 

where DpR Xa = dpR X(T — i[u)p, R\ a }- With the relation between R^ and R pu (see eq. (25)) 
and the expression of 9 pu (see eq. (39)), we obtain R pa , 

Rpa = Rpa + ~9 al3 {Rpa, Rap} — ^9 al3 {Ua,{d/3 + D^Rpv} 

—-9aud a 9 fJ ' u 9 a ^[Rp lJi ,Ui3} — -9 P pd a 9^ l '9 als [R (7l/ ,Ui3} 
+ l -9 a ?d a 9 P pd^R va + l -9 a ?d a 9 au dp9^R w 



+ l -9^9^d a 9 pli d p R VG + '-e^e^dj^dpR^ 

i 1 



+f ap d a 9 m d p 9 a J^ d R X s + -9 m 9 av 9 Xa 9^d x d 5 9^{u a ,up}, (51) 



which can also be decomposed by its components as follows: 
Therefor the components take the forms, 

R p ; b + i0 av d o trv#R*ufj ]da + ze p ,d a e^e^Rj d u; b Vdc 



(52) 



£>(o)c 



L pa 



"HP 



BP 

1 L pa 



+^dj pp d B e^R 
+ l -9^e^dj Pfl d p R va ab + -e^e^dj^R^ 

+ l -0^d a 9 pp dse au 9^ 5 R xs ab , 
— 9 a/3 R p a b R aB cd r] ac r] bd 
+7;&PP.@vv@ Xa 



R 



P<t5 



o 

1 1 

— 6 aP R p ^ b R a p d e abcd - —9 a0 u^ b (d B R p(7 cd + Up c R p J d r} eJ )e abcd 



' 16 



(53) 



(54) 



(55) 



(56) 



where the following identity has been used in the derivation of the above equations, 

[(?ab, &cd} = i{VacVbd ~ Vbc^ad ~ Vad^bc + Vbd°~ac)- 

In terms of the above expression of R pa and the vierbein eq. (45), the action eq. (28) is thus 
expressed by the spin-connection u p and vierbein e p completely, 



s = d 4 x {dete^yh 



pupa 



[coVacVbd + Cl e abcd )(e;elR^ cd + ^da^dpR^ 



+ 



C2(e a p e b u e c p e d a e abcd - 2ze«e^egV^) 



(57) 



where R p °J cd can be simplified as the following form in terms of the symmetries of indices, 

R p °J ab = iy* 6 +2^a a r^iy% c W (ss) 

Incidentally, the identities below have been used in the calculation of eq. (57), 



Tr(7a7fe) 
Tr(7 a 7fe7 5 ) 
Tr(7 a 7 fe 7 c 7 rf ) 
Tr(7 a 7b7 c 7d7 5 ) 



4r]ab, 
0, 

4:(VabVcd - VacVbd + VadVbc) , 

-Aie abcd . 



(59) 
(60) 
(61) 
(62) 
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4 Conclusion 



In this paper, a model of gravity based on the SL(2,C) group is constructed on a non- 
commutative space with the Poisson structure. In order to have a covariantly transformed 
curvature tensor, a modified function Q^ v is introduced. Here, different from the approach 
utilized in [20] where a kind of covariant coordinates is defined, we use Q^ v to lower the 
indices of the rank two tensor R^ u straightforwardly. Therefore the gauge invariant action 
is obtained naturally. By using the Seiberg-Witten map, we can express the noncommuta- 
tive physical quantities in terms of their commutative counterparts and then the action is 
completely dependent on the commutative quantities e and u. 

It is noted [12, 27, 14] that the first order correction in actions vanishes. It is interesting 
to point out that in our case the first order correction to the Einstein-Hilbert term in action 
eq. (57) is a total derivative and thus equals to zero when 6^ v being constant, which agrees 
with the result in refs [12, 27]. However, for a general noncommutativity parameter it is 
evident in our case that the first order correction (see eq. (57)) does not vanish. The reason 
lies probably in the different approaches utilized in refs. [12, 27, 14] and in the present paper. 
In the former approach which is based on the Poincare gauge theory, the vierbein is required 
to be real. This requirement leads to a gauge non-invariant action although it preserves the 
volume from violation of diffeomorphism in the action. In the latter approach a *-gauge 
invariant action is proposed, and it is thus inevitable to introduce a complex vierbein e M 
(see ref. [11] for the canonical noncommutative case). As a result, the vanishing first order 
correction claimed in refs. [12, 27, 14] remains in doubt as to whether it happens to other 
noncommutative gravity models built in a different way from that of refs. [12, 27, 14], such 
as to our case. 

As a further consideration, we may integrate out uj^ in eq. (57) and therefore write the 
action only in the vierbein. However, it is quite a challenge to solve the equation of motion 
for Moreover, it might be worthwhile to apply our method to other formulations of 
noncommutative gravity. 
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